The scattering of electrons by gold, xenon and krypton atoms has been investigated using Dirac's equations. The polarization to be expected by double scattering at 90° has been studied for an energy range 100 to 150.000 eV. The results agree substantially in the energy range 10,000-150.000 eV with those obtained by Mott for an unscreened gold nucleus. It is found, however, that for lower energies the effect of screening is more im portant. In particular, at energies for which the intensity of single scattering at 90° is near a minimum, a large polarization is to be expected in the case o f gold. For xenon the polarization never exceeds 4 % and for krypton 2 %.
The relativistic theory of the electron introduced by Dirac (1928) has been very successful in a number of directions. I t led to the remarkable prediction of the existence and properties of positrons and, besides providing a quantitative theory of the scattering of short-wave radiation by free electrons (Klein and Nishina 1929) , has given essentially correct formulae for the loss of energy by radiation experienced by the fast electrons occurring in cosmic-ray phenomena (Anderson and Neddermeyer 1936) . In one direc tion, however, an outstanding discrepancy remains. In 1929 Mott developed the theory of the scattering of electrons by a scalar potential field using Dirac's equations and showed th a t polarization effects are to be expected on double scattering of electrons by a Coulomb field. Detailed calculation for a field with charge 79e (corresponding to scattering by gold nuclei) showed th at in the second scattering a maximum asymmetry of 16 % was to be expected in the azimuthal distribution, about the direction of the first scattering, for electrons of energy 127 ekV. A number of experiments have been carried out to search for this effect but the maximum asymmetry [ 341 ] which has been observed* is only 1*3 %, for 79 kV electrons, reported by Dymond (1932) . This is to be compared with the theoretical value of 8 % for this energy. No basis for throwing the blame for the discrepancy on the failure of the experiments to reproduce the conditions assumed in the theory can be found (Richter 1937) . Thus Rose and Bethe (1939) have recently shown th a t multiple scattering effects could not produce nearly sufficient depolarization, while inelastic collisions and electron exchange (Rose and Bethe 1939, Smith 1934) are quite incapable of modifying the expected results. Added interest is now attached to this difficulty by the steadily increasing body of experimental results relating to collisions of electrons of a few mV energy with nuclei which reveal striking discordance with theo retical expectations based on Dirac's theory (Champion 1939 , Rose 1940 .
In view of this unsatisfactory position we have carried out an investiga tion of the polarization effects to be expected in scattering by fields differing in form from the unscreened Coulomb type.f Detailed calculations have been made, over a wide energy range (100-150,000 eV), of the polarization to be expected in scattering by the self-consistent atomic fields of the gold, xenon and krypton atoms. The results confirm the expectation th a t the introduc tion of screening does not modify the polarization to be expected a t high energies (over 10,000 eV). A t lower energies, however, it is found th a t for heavy atoms such as gold, large polarization may occur in narrow energy regions. An advantage of the use of screened fields in the calculations is th a t it is then necessary to evaluate separately the contributions from electrons with each quantized angular momentum, instead of using the summation method employed by Mott (1929) in dealing with unscreened fields. This separate analysis makes it easy to see w hat is effective in pro ducing the polarization, and hence to suggest w hat alterations of field will effect given modifications therein. In particular it is easy to show th a t reduction of the asymmetry to within the experimental limits would require most unlikely modifications of the field of force between electron and nucleus.
Finally, we have examined in detail the polarization to be expected in scattering by a field which is a t the opposite extreme from the Coulomb type, the spherical potential 'well'. Exact solutions of Dirac's equations may be obtained in this case and they have been used to derive a number of results of interest.
TJte polarization of electrons double scattering 343 §1. General theory
Consider a beam of electrons incident in the direction on a target and scattered through an angle 0X, into the direction TXT2 so as to fall on a second target T2. Then the number scattered by the second target in a direction making an angle d2 with TXT2 depends not only on 02 bu t also on < j > 2, the angle the plane containing TXT2 and the direction of scattering makes with the plane through LTXT2. If we confine ou case where Qx = d2 the number scattered from T2 is proportional to 1 + cos0 2, where
H ere/, g are certain functions of 0 and the electron en the potential of the scattering field and are such th a t the effective crosssection for scattering of an unpolarized beam into the solid angle da) about 6 is
(
Mott (1929) has shown th a t / and g may be determined as follows. If V is the potential of the scattering field, the radial parts of the Dirac wave function for an electron of energy E, rest mass m, and orbital and total angular momentum quantum numbers l and l + \ respectively, satisfy the equations
The equations for the corresponding functions F_t_x, for an electron with angular momentum quantum numbers 1,1-\ are obtained by replacing lbyl -1 in (3). If V tends to zero for large r faster than r~2, Gt must have the asymptotic form
where r)t is a phase constant depending on E and V. Then in terms of Vi> V-1-1 
We note that the maximum value of | d| 4 is unity, oc B = ±C. The percentage asymmetry = 200# and can thus be as large as 200. §2. Application to atomic fields 2-1. The fields used. We now consider in detail cases where the potential is that due to the neutral atoms of gold, xenon and krypton.
The self-consistent field for gold has not been worked out, but one is available for mercury (Hartree, D. R. and Hartree, W. 1935) , and it is possible to obtain a good approximation to that for gold from this. The procedure adopted was to suppose the wave functions of individual electrons effectively the same in both atoms and modify the Z and Zp values for mercury by the removal of an outer electron and one unit of nuclear charge.
For krypton an approximate self-consistent field is available (Holtsmark 1930) and one for xenon was obtained by interpolation between fields available for the heavier atoms.
2-2. The differential equations. Having obtained the fields the evaluation of the functions / and g can be carried out by numerical determination of the phases 7jh V -i -v To do this it was found convenient to transform the equations (3) as follows:
Eliminating Ft gives where
The asymptotic form of the solution of this equation which vanishes a t r = 0 is sin ( k r -fy n + ih),
. Numerical solution of (8) 
thus gives 7ft.
A similar procedure may be adopted for The phase difference between the &l and solutions arises from the fact th a t the functions < j)h differ by (21 + 1) a '/ra. The magnitude of the polarization therefore depends not only on the potential but also on the force and will be small when this force is small compared with r times the total energy. This will be referred to in more detail in § 2*3.
In atomic units for such values of r th a t k r~l0 + This is the usual criterion adopted in the calculation of collision crosssections by the method of 'partial' cross-sections (Mott and Massey 1933a). Applied to gold it would indicate th a t for h = 100, the phases are small for l > 10. This does not mean, however, th at the contribution to A and B from greater values of l is unimportant, for there is a strong cancellation in sign between the successive terms of the series concerned and a large number of small phases make an im portant contribution. In fact for -100 a t least 60 terms are required.
The convergence of the series for C and D is very much faster. The Zth terms of these series contain sin ( i / j -( = ®hi^) as a factor and this becomes very small quite rapidly as l increases. To examine the reason for this we return to equation (8). This may be written 
Then if wi s small we havê l^a in {kr-llT r + 7jl-( l + l ) Q ,
where ^-k^jw&fdr.
Hence to this approximation

Xt.= V i-V -i-i = l)Cr»
showing, as pointed out earlier, how strongly the Xi and hence the polariza tion depend on the force -Z/r2. This will be valid if the right-hand side of (13) is small compared with unity, so th a t the size of (21+1) can be used as a criterion for the smallness of the Zth term in the series for C and D. Now w is only large for small values of r and with increasing l, gt becomes smaller and smaller in this region owing to the presence of the term 1(1+1 )/r2 iii the equation (11). Even for gold this term is always considerably greater than 1) if is > 1, so we can expect Xi to be always small for l > 1 and to beco increases.
2*4. Results and discussion. The following procedure was adopted to calculate the percentage asymmetry P = 200$. The phases r\x, tj_3 and in certain cases r)z, r j _ , j, tj5, were calculated by accurate numerical inte of the equation (8) for a number of values of e. In this way the main contribution to the series for G and D, which arises from rj1 and ?/_3 was obtained without approximation. To complete the calculation a number of the higher phases in each case was calculated by Jeffreys' approximation (Mott and Massey 19336) according to which
the lower limit of the integration being the outer zero r0 of the integrand. The accuracy of this approximation was confirmed by comparing results given by its use and by accurate numerical integration in a number of selected cases. Graphical interpolation Was then used to obtain the remaining phases. Summation of the series for A and was facilitated by observing th a t for large l the terms fall off effectively as in a geometrical progression. This procedure gives results of sufficient accuracy for our purpose, as the quantities A and B of (7), containing so many terms, are not very sensitive to the exact values of the phases. The only further modification required is to estimate for gold the contribution from small terms involving etc., in C and D. These were evaluated by use of (13) and (15), as high accuracy in the separate evaluation of % and small difference phases.
In figure 1 a number of the phases and Xi are illustrated for gold. For xenon and krypton the phase diagram is very similar except th a t all x except are completely negligible. For energies between 50 and 50,000 eV, Xx is practically constant a t 0*06 radian for krypton and 0*14 radian for xenon. To save space the other phases for these atoms are not illustrated but are available for communication to anyone who wishes to use them. For krypton the lower energy phases 8( agree closely with those calculated by Holtsmark (1930) .
The minimum which occurs in the phases for gold a t energies in the neighbourhood of 50,000 eV arises from the presence of the factor e m ulti plying the Coulomb potential term 2
Zw hich appears for Using these phases the percentage asymmetry 200 may be calculated. Comparison of the results for gold with those obtained by Mott (1932) neglecting screening is illustrated in figure 2 , showing th a t any failure to observe appreciable polarization for 79 ekV electrons cannot be attributed to screening effects.
For energies lower than those considered by Mott the effect of screening becomes very marked. This may be seen by reference to table 1 which shows the variation with energy of the intensity / , of single scattering a t 90°. The highly irregular variations, due to diffraction, which do not occur for an unscreened Coulomb field have interesting con sequences. 
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Where I is small, as is the case for electrons with energies in the neighbour hood of 500 The polarization of electrons by double scattering and range of the atomic field. Nevertheless, the existence of the phenomenon follows simply from the fact th at the function I has deep m in im a , and the quantities C and D are not both very small over the energy range concerned. The existence of the irregular variation of I is in agreement with experiment as will be seen from table 1, where some experimental values of the scattering a t 90° derived from A m ot's results for mercury (1930) are given. On the other hand, it does not always follow th at the polarization is a maximum when the scattering is very small, as can be seen by reference to the case k = 6-25 of table 1. Here, although I is small, BD Although the function I for scattering by xenon and krypton also shows minima, the value of is not large enough in either case to give large polarizations. The maximum value found is 4 % for xenon and 2 % for krypton for electrons with energies in the neighbourhood of 500 eV.
The possibility of detecting experimentally these low energy polarization effects for a heavy atom such as gold or mercury is of interest. Although it is an advantage to work with the lower energy electrons involved, the fact th at large polarization is associated with small scattered intensity makes observation difficult. § 3. Field modifications necessary to reduce polarization
The most direct way of reducing the polarization is to decrease the relative importance of the term w(r) involved in (11). This means a reduction of the gradient of the potential near the origin relative to the total potential. For example, if, near the origin, the potential were changed from Ze2/r to Ze2( 1 -e-Ar)/r the value of w would be much reduced for values of 1 /A. This, in turn, will greatly reduce the overlap integral (13) determining if For when (17) is satisfied the function w of (11) is small even a t the maximum of As we have found th a t X\ is by far the most im portant phase difference it follows that, for k = 100 (corresponding to 121 ekV electrons), A must be of the order 100 atomic units appreciably to reduce the polariza tion.
To make this more precise the case A = 100 was investigated in detail using Jeffreys' approximation (15). A value of 0-12 radian was found for This would lead, apart from changes in the less sensitive quantities A and B of (6), to about one-tenth of the polarization given by the unmodified field. Even this is just within the experimentally determined limit of 1*0 % for 76 ekV electrons (Dymond 1934) . Since A = 100 involves field modifications a t nuclear distances as great as 5 x 10-11 cm., the departure from the Coulomb form would affect the orbits of K electrons and would be apparent in various ways. I t can therefore be regarded as out of the question.
An alternative possibility has been investigated by Rose (1940) . He considers the effect of a very deep and very short range attraction. This affects the but not the p j wave and the phase difference X ican be made to approximate to n. As sin Xi appears in the expressions for C and D this will greatly reduce the polarization. Rose found, however, th a t when the range and depth were adjusted to give small polarizations in this way, modifica tions of the scattered intensity were introduced which were not in agreement with experiment.
I t seems difficult therefore to account, on any theoretical grounds, for the absence of observed polarization and it is very desirable th a t further experimental investigation of the m atter be carried out. the behaviour of the phase differences Xi is in marked contrast to the case of a Coulomb field, screened or unscreened. In the latter case only Xi is really important but for the spherical well potential, which represents a field of force which is infinitely large a t the point r = r 0 and zero elsewhere, the Xi are all small except for such values of l th a t the first maximum of 0 t or @-4-1 falls near r = r0. This follows from the fact th a t the Xi depend more on the force than the potential (see § 2*2). In other words, for the spin orientation of the electron to be strongly affected its angular momentum must be such th a t it spends a relatively long time in the neighbourhood of the large force a t r -r0. The detailed analysis is as follows. The general solutions of the equations
with a, f iconstants, may be written
This follows by use of the relation
We may immediately use (20) to obtain the appropriate solutions for the potential (18). For r < r0 in order th at the functions should be finite a t the origin, we have
The asymptotic form of Gt is then given by where
To determine DJCi use is made of the fact th a t and m ust be con tinuous a t r -r0, giving tan rh = ( -1 YuJVf,
An exactly similar procedure may be followed to obtain
The funda mental solutions for G_(_x are as for G( but are of the form J±q-\) for F_t_x. We find tan 
This brings out clearly the relation between the two sets of phases and shows th a t the quantity <r is the parameter which is im portant in determining the polarization effects. The phase differences Xi can be expressed in the form where
In deriving this result use has been made of the relation
For values of l ^ jb"j we find, on substitution of the senes expansio Bessel functions This falls off rapidly as l increases beyond Again, if l<^kr0 we may use the asymptotic expansions for the B functions with argument kr0 to give where dt = k'r0 -\hr. If cr is small this shows th a t Xi is also small in the range l < kr0.
Since we have shown that, if a is small, Xi is smal lp h r 0, it follows th a t Xi can only he large when l~k r 0. The polarization is then mainly determined by Xi0 where l0~k r 0. From (24) it follows th a t Xu will vanish if Ji0+i(k'r0) vanishes. A necessary, bu t by no means sufficient, condition which must be satisfied in order th a t the polarization should not be very small is th a t Ji0+i(k'r0) must not be nearly equal to 0, lQ being the nearest odd integer to kr0. If this condition is satisfied the polarization may still be small for other reasons, i.e. the series A and B may be large compared with C and D.
In contrast to the atomic field calculations an additional variation is imposed on C and D due to rapid variation of the im portant phase difference Xi with energy. The energy regions over which the polarization is large can therefore be expected to be more localized than for fields of Coulomb type.
Numerical results and discussion. I t is difficult to decide which are the most appropriate values of V0 and r0 to choose for numerical investigation. To consider cases comparable with th a t of the gold atom calculations were carried out for such values of V0 th a t with Zp as for gold. This gives a relation between r0 and V0 such th a t the 'total potential' is the same as for the gold atom. The value of r0 was then chosen, so the zero order phase ij0 was nearly the same as for scattering by gold atoms in the energy range of interest. Besides this particular choice of V0 and r0 other neighbouring values of r0 were used and also a potential of depth three times th a t given by (27) . The results are given in table 2. Cases (d), (e), (/) refer to values of V0 satisfying (27), the others to values of Vq one-third as large as given by (27) . To indicate the factors which are im portant in determining the polariza tion for the spherical well potential we have included in the table values of the asymmetry parameter defined in (23) and of the 'critical Bessel functions in each case. These are defined as follows. I t was shown above th a t the only considerable phase differences which occur are those for which l is close to Jcr0. As we have restricted numerical calculations to integral values of kr0 and as only odd l values arise in considering asymmetry due to double scattering a t 90°, the most im portant phase differences will be those for which l = kr0± 1 for krQ even and th a t for which l = fyr0 if kr0 is odd. In order th a t these phase differences and hence the asymmetry should not be small, both cr and the Bessel functions Ji+i(k'r0) (see (24)) for the appropriate l values must not be too small. Hence, if kr0, = l0, is even the functions Jlo+i(k'r0), Ji0+i(k'r0) and, if l0 is odd, Jlo+i(k'r0) play a critical role. These are the functions given in the fifth column of table 2.
A study of the table now shpws how strongly the asymmetry depends on cr and the critical Bessel functions. In cases (6) and (d), cr is large enough to give almost complete polarization if the critical functions are near their m a x im u m values. We find also rapid alternations of 200£ as the electron energy changes, due to the alternations in the values of the functions. In cases (c), (e) and (/), on the other hand, cr is so small th a t appreciable polar ization only arises when the quantities A and B of (7) happen to be small together. This is so in case (e) for k = 46 §. When cr is very small as in (c), (e) and (/) the dependence on the critical Bessel functions is not very marked as the polarization is so small then under any conditions th a t the contribution from the regions of I-Iqd oes not dominate the quantities G and D so I t is of interest to note that, for values of V 0 and r0 which give zero order phases 7 Jq comparable with those given by the atomic field (cases (c) and one intermediate between (e) and (/)), the polarization is rarely large, the maxi mum being of the same order (20%) as for gold in the energy range concerned.
Introduction
The production of artificial radioactive elements in quantities of order 0*01 mC makes possible the use of a magnetic spectrometer for the investi gation of /?-ray energy spectra. The method has considerable advantages in speed and accuracy over cloud-chamber measurements, and spectrometers of good resolution can be used with sources of this magnitude. The present experiments have been carried put with a spectrometer of conventional design, intended for use with short period sources (of half-life greater than 5 min.). No extraordinary precautions have been taken to avoid scattering and absorption of those electrons whose energies lie below 100 ekV, but the spectra are thought to be accurate within twice the statistical error as shown on the diagrams.
The elements which have been investigated are C11, N13, Mn56, and the longer-lived products of the deuteron bombardment of copper, i.e. Cu64 and Zn63. These comprise four positron emitters and two negatron emitters.
